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Abstract. We discuss gain of analyticity phenomenon of solutions to the initial value problem for semi- 
linear Schrodinger equations with gauge invariant nonlinearity. We prove that if the initial data decays 
exponentially, then the solution becomes real-analytic in the space variable and a Gevrey function of order 
2 in the time variable except in the initial plane. Our proof is based on the energy estimates developed in 
our previous work and on fine summation formulae concerned with a matrix norm. 



1. Introduction 



In this paper we study the gain of regularity phenomenon of solutions to the initial value problem for 
semilinear Schrodinger equations of the form: 

Ph ; dtu-iAu = f{u,du) in (-r,r)xM", (1) 

u{0,x)=uo{x) in M", (2) 



where u{t, x) is a complex- valued unknown function of {t, x) = {t, xi, . . . , x„) G [— T, T] x M", T > 0, 
i = a/^, dt = d/dt, dj = d/dxj (J = 1, . . . ,n), d = {di, . . . , 9„), A = df + ■ ■ ■ + d^^ and n is 
the space dimension. Throughout this paper, we assume that the nonlinearity /(u, v) is a real-analytic 
function on having a holomorphic extension on C^"*"^", and that f{u, v) satisfies 

cn ■ . . 

>; f{u,v)=0{\uy + \vy) near {u,v)=Q, 

in : /(e*%,e^%) = e'V(^i,^) for {u,v) G €^+",6* G M. (3) 

^ ■ For z = {u, v) G C^^" and any multi-index a = (oq, • • • , On) G (N U {0})^"*'", we denote 
g; \a\=ao + --- + an, = • • • 

! It follows from our hypothesis on the nonlinearity that f{z) is given by 

o _ 

f(^)=Yl E fafSeC, (4) 

^ . p=l |o|=p-|-l 

^ ■ m=P 



and that for any R > there exists Cr > such that 

\a\=p+l 
l/3|=P 

Here we introduce notation. Let 9 and / be real numbers. H^''' is the set of all tempered distributions 
on satisfying 

\\u\\li= I \ {xy {D f u{x)\^dx <+oo, 



where (x) = \/l + \x\ = y^x^ + • • • + and (D) = (1 — A)^/^. In particular, set = 
H^'^, \\-\\e = IM|9,o> L"^ = for short. ||-|| and (•, •) denote the L^-norm and the L^-inner product 
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respectively. In this paper we treat not only scalar-valued functions but also vector-valued ones. The 
(L^)™-norm and the (L^)™-inner product is denoted by the same notation: 

~ m 

{u,v) = / y^Uj{x)vj{x)dx, \\u\\ = \/ {u, u) 

for n = * [til, ... , Um] and v = *[vi, . . . , Vm]- Let X be a Banach space, and let /c be a nonnegative 
integer. C^{r,X) denotes the set of all X-valued C'^' -functions on the interval /. In particular, set 
C(/; X) = C^{r, X) for short. For any real number s, [s] is the largest integer not greater than s. 

In the previous paper [IJ the author studied the finite gain of regularity of solutions to ©-©■ Loosely 
speaking, if uq{x) = o{\x\^'') as |x| — > oo with some positive integer /, then the solution u gains spatial 
smoothness of order I locally in x when t / 0. More precisely, we proved the following. 

Theorem 1 (Q). Let 9 > n/2+3, and let I be a nonnegative integer. Then for any uq G H^''', there exists 
T > depending only on \\uQ\\g such that ([T]!-© has a unique solution u^C{[—T, T]; H^) satisfying 

{x)-\''\d''ueC{[-T,T]\{0};H^) for |a| ^ /. 

This type of properties of dispersive equations have been investigated in the last two decades. See, 
e.g., the references in d. For local existence theorems for more general semilinear Schrodinger-type 
equations, see ||T2]| . ||T9l . 1241 . More recently, in [6| Hayashi, Naumikin and Pipolo studied the infinite 
version of Theorem [T] for one-dimensional equations with small initial data. Roughly speaking, they 
proved that if uq is small and ^0(2;) = o(e~l^l) as |x| 00, then the solution u becomes real-analytic 
in X for t 7^ 0. The purpose of this paper is to prove the infinite version of Theorem [T] without small- 
ness condition on the initial data and the restriction on the space dimension. Our main results are the 
following. 

Theorem 2. Let 9 and s be positive numbers satisfying 9 > n/2 + 3 and s ^ 1 respectively, and let e 
be an arbitrary positive number. For any uq satisfying exp{£{x)^^^)uo E H^, there exist a positive time 
T depending only on \\uo\\q, and a unique solution iiGC([— T, T]; H^) to ([T]!-©. Moreover there exist 
positive constants M and p such that 

for t G [-T, T] \ {0}, m G N U {0}, a G (N U {0})". 

Our condition on the Gevrey exponent does not seem to be optimal. Indeed, in \1\ Hayashi and Kato 
studied the case s = 1/2 for the equation of the form 

dtu — iAu = f{u), 

and proved that the solution becomes real-analytic in ([— T, T] \ {0}) x M". Moreover, it is interesting 
that if exp(e(x)^/*)tio G for s ^ 1/2, then e**^uo satisfies ([5]). Using this fact, we can construct 
nonlinear equations whose solutions have the same regularity property. See Section [8]for the detail. For 
more information about gain of regularity phenomenon of dispersive equations, see ||4l, Q, 111, lITOl . 
US, US, US, Il20l, ED and references therein. 

Our method of proof of Theorem |2] is basically due to the energy method developed in fV\. We shall 
show the uniform bound of {wz}z=o,i,2,...> where 

wi = *[rl°la!'^(Z))^J"n,rl"la!-^(Z))^J"n]|^l^,, 

Jk = Xk + 2itdk, J = {Ji, . . . ,Jn), 
and r is a positive constant. ^ immediately follows from the uniform bound of {wi} and the equation 

This paper is organized as follows. In Section|2]we present the elementary facts on pseudodifferential 
operators associated with nonlinearities. Section[3]is devoted to studying fine summation properties used 
in the uniform estimates later. In Section |4] we refine the energy method for some Unear systems in UJ. 
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Section [5] is devoted to the estimates of nonlinearity in Gevrey classes. In Section |6] we we obtain the 
uniform energy estimates. In Section |7] we complete the proof of Theorem [2l Finally, in Section [8] we 
give an interesting example of semilinear Schrodinger equations related with the exponent s = 1/2. 

2. PSEUDODIFFERENTIAL OPERATORS ASSOCIATED WITH NONLINEAR PDES 

In this section we recall the Kato-Ponce commutator estimates established in [11], and pseudodiffer- 
ential calculus developed in [ 1]. In addition we present some rough estimates associated with the Leibniz 
formula for pseudodifferential operators with constant coefficients. One can refer to El and |[23l for the 
infromation related to this section. 

Let m be a real number. 5™ denotes the set of all smooth functions on x satisfying 

for any multi-indices a and /?. For a symbol -pix^ ^), a pseudodifferential operator ^(x, D) is defined by 



where x • ^ = xi^i + • • • + See fSl], |fT3l and ||22l for the detail. We first recall pseudodifferential 

operators with nonsmooth coefficients and their properties needed later. Let a ^ 0. is the set of all 
-functions on satisfying 

' sup V |9"/(a;)| < +00 if (7 = 0,1,2,..., 

sup 



+ sup > ; ; — < +00 Otherwise. 

Similarly, SJ^'^ S"^ denotes the set of all functions on M" x M" satisfying 

foT I = 0,1,2, .... y denotes the set of Schwartz functions on M", and LP denotes the usual Lebesgue 
space for all p G [1,00]. In lfT6]| Nagase introduced larger classes of symbols, and proved the 
boundedness theorem by his symbol smoothing technique. We make full use of L^-version of them. 

Theorem 3 (Nagase |[T6l Theorem A]). Let q{x, ^) be a function on x M". Suppose that there exist 
T and A satisfying ^ r < A ^ 1 such that 

for \a\ ^ n + 1. Then 

\\q{x, D)U\\ L2(^^n) < A{q)\\u\\ L2(^^n) 

for any n€L^(M"'), where A{q) depends only on 

+ Y SUP (^,^H-rm^'0-%^^y^^A. 
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Combining Nagase's idea and results, and well-known facts on smooth symbols, one can obtain the 
fundamental theorem for algebra and the sharp Carding inequality. 

Lemma 4 (Chihara [1 . Lemma 2]). Let a > I. Ifpj (x, ^) G ,^^"3^ for j = 0,1, then 

Po{x,D)pi{x,D) = pi{x,D)po{x,D) = q{x,D), (6) 

Pi{x,Dy = r{x,D) (7) 

modulo L^-bounded operators, where q{x, ^) = po{x, ^)pi (x, ^) and r{x, £,) = pi (x, £,). More precisely, 
there exist a positive integer v and C > such that for any u^L/^ 

\\{po{x,D)pi{x,D) -q{x,D))u\\ < Cllpoll.^-so.i^llPill.^-Si,;.!!^^!!, 
\\{pi{x,D)pq{x,D) -q{x,D))u\\ < CUpoll.^-so.i/IIPill.^-si.t/lhll, 
\\{Pi{x,D)* - r{x,D))u\\ ^ C||pi||,^a5.i^^||u||. 

Lemma 5 (Chihara [1, Lemma 3]). Suppose that p{x,^) = [pijix,£,)]ij=i^,„^i is an Ixl matrix whose 
entries belong to SS'^S^, and that 

p{x,^)+p{x,^y ^ 

for \^\ ^ R with some R > 0. Then there exists Ci > which is independent of I, such that for any 

Re{p{x,D)u,u) ^ -CiA{p)\\uf, 

where 

A{p)= sup P =[\\Pij\\.^2s\u]i,j=i,...,h 

\X\=1 

and V is some positive integer. 

Loosely speaking, Theorem[3l Lemma|4]and Lemma|5]allow us to deal with ^) G ^^S"" (m = 
0, 1) as if it belonged to 5'". Now, let us consider commutator estimates of pseudodifferential operators 
with constant coefficients. First we recall the Kato-Ponce commutator estimates. 

Theorem 6 (Kato and Ponce ifTTl Lemma XI]). If Q > 0, then for any f,g^y 

im'ifg) - f{D)'g\\ ^ CiWdfU^Me^i + ||/||e||5llL-). (8) 

Here we remark that Kato and Ponce actually proved L^-version of dU). Next we give the Leibniz 
formula for Fourier multipliers. 

Lemma 7. Let k = 2, 3, 4, ... , and let m ^ 1 and 9 > n/2 + 1. If p{£,) G 5™, then there exists a 
positive constant Cm,e which is independent ofk, such that for any fi, ■ ■ ■ , fk ^ ^ 

k k k 

j=l u=l j=l 

j=l p=lj=l u=l j=l 

Proof. First we show (O. We denote the Fourier transform of / by / or ^[/], and the convolution of 
functions on by * respectively. Using the Plancherel-Parseval formula and the Sobolev embedding, 
we deduce 

k 

iip(^)(n/^-)ii 
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cE f / lA * • • • * /--I * -^[{DrM * A+i * • • • * Acopcie 



k k 



1^=1 i=i 

k k 



^c'EIIllAlli-ll/- 



i/=ii=i 



k k 



0+^ 



k k 



^cfEIIllAII^-illMU, 



v=\ i=l 

where Ci = max{C, Co}. 

Next we show (ITOl) . Set cr((^, r]) = + ^) — p(0 — for short. Here we claim 

\cy{iM^CW\ri) for |e|^|?7|. 
Indeed, the mean value theorem implies 

^1 dv 



f dp 



Then we have 

Jo 

Since |^| ^ |7/| and m — 1 ^ 0, we get 
which is (fTTI) . 

Now we show (flOl ) for = 2. The Plancherel-Parseval formula gives 

\\p{D){fg)-gp{D)f-fp{D)g\\ 

2 \ V2 



• • • dr]. 



We split the above integration in rj into two pieces: 



■ ■ ■ drj 



■ dr] + 



5-»?l<l»?l 



Then we have 



\\p{D){fg) - gp{D)f - fp{D)g\\ ^ I + II, 

2 \ 1/2 



- V,ri)f{^ - V)9{v)dv 



dC 



H. CHIHARA 



II 



- r],rj)f{C - 'n)g{r])dr] 



1/2 



On one hand, applying (fTTI ). the Young and the Schwarz inequaUties in order of precedence, we deduce 



I ^ C 

^ C\\f Wm-l 
= ^^II/IU-1 



< c 



{i-rir-'\f{i-v)\m{ri)\dri 

{v)\g{v)\dv 

n 

{ri)-^'-'^\{r])'9iri)\dr] 

n 

1/2 



2 \ V2 

da 



-2(e-i) 



drj 



m~l 



= C'\\f\\m-i\\9\\e. (12) 

Here we used 9 — 1 > n/2. On the other hand, using ([TTI ) again, and changing variable byr/i— >(^ = ^ — r/, 
we have 

/ 2 \ V2 

n^sc / / {c)\fiCM-Om-C)\dC dA , 

which is reduced to I. Then we get (flOl ) for k = 2: 

MD){fg) - gp{D)f - fp{D)g\\ ^ Cadl/IU^iH^lk + \\f\\e\\g\\n.-i). 
Lastly, we prove ([TOll for k ^ 3. Set nj=i = 1- Applying dill and ([T3]l to the identity 

k k k 



(13) 



fc-l !/-l 



l/=l i = l 



k k k 

j=i/+i ^=1^+1 



u=l 1=1 



we deduce 



MD){\{fi)-Y.\{f^P^^)f^ 



fc-i 1/-1 



i.=i j=i 



!^=l i = l i = !^ i = l'+l j = V+l 

k—1 v—1 k k 

cc.s^T\\\f,\\r.^{\\u\m-i\\ n /jii^^+iiMieii n 

v=l 1=1 3=^+1 j=i'+l 

k—1 u—1 k k 

rn-i\\ n + n -^jii 

m—1 ) 

j=u+l j=y+l 



c^2Enii/^ii^-(ii/-i 
i/=i 1=1 

fe-i i/-i 

v=l 1=1 

fe-1 jy-l 



v=l 



1=1 
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TT llfo-L + cJ 

J_ J_ lUj lit' "^4 




3 


=1^+1 


k 


k 




< r'''k\^\\ f II 

^ '-^5'^ / Jl/t^l|m-l 


TTll f Wa 




v=\ 






k 


k 






inii/.ii 






i=i 





p=i'+l j=u 
3+V 



where C5 = max{C2, C3, C4}. This completes the proof. 

3. Summation PROPERTIES 



□ 



This section consists of miscellaneous lemmas needed later. In particular, we obtain some fine sum- 
mmation properties related with Gevrey estimates. We start by giving the properties of exponentially 
decaying functions. 

Lemma 8. Let s > 0, e > and e M. If exp{£{x)^/^)uoeH^ , then there exists q = q{n, 0, £,s) > 
such that for any multi-index a 

||x"uo||e ^ ||exp(e(x)i/")Mo||(?gl"l+^aP. (14) 
Proof By the L^-boundedness theorem for pseudodifferential operators of order zero, we deduce 

||x°no||e = ||(£')Vuo|| 

^C\\x-e-'<-^'^'\y4e'<-^''\o\\e, (15) 

where u is a positive integer satisfying u > \9\. Set p = max{0, 1/s — 1}. Using the Leibniz formula 
for 1/3 1 ^ i^, we have 



e )| 

(31 



E 



7!(^-7)! 



57a,a^/3-7g-£{a;> 



7!(/3 — 7)! 7! (a — 7)! 



7!|a;"-^||a^-^e-^<^>'^' 



/3! 



|a-7|+(lA-l)l/3-7L-e<a:>i/= 



^ C^2(i+'')^i.!4l"l supr^^e-^"'^' suptl^'e""*'^' 

T>0 t>0 

= C;,4l"lil"le-^*''^ 

t={s\a\/e)'' 

= C^,,(4s^e-^)l"l(|a|l"'e-l"l)* 
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^ C;,(4s'^e-^)l"l|a|P. 
Then there exists q > which is independent a, such that 

||^ag-.(x>i/»||^_^ ^ gl^l+^aP. (16) 
The substitution of ([16]| into ([T5]l gives ([HI). □ 

Next we present a lemma concerned with factorials. 
Lemma 9. For any multi-indices a, a^, . . . , satisfying a = + . . . + dP, 

W\\---\q^\\ \a\\ 

' ' ' ' < (17) 



a^! • • • dP\ a\ 
Proof. Let n be the dimension of a. Since 

V 

(xi + • • • + = J](xi + • • • + X = (xi, . . . , Xn) G M", 

i=i 

the multinomial theorem gives 

NT- lai|!---|aP|!_^^i+...+^p^ 



|7| = |a| 1711 = 1011 |'yP| = |aP| 



a! ■^-^ 7^! • • • 7^! ' 



Operating 9" /a! on the both sides of the above identity, we have 

\a\\ ^ W\\---\an\ 

^l+...4.^p=a 
|7l| = |ai| 
l7Pl = |aP| 

which implies (fTTl ). □ 

Now we present a lemma concerned with the nonlinearity and multi-indices. This plays a crucial role 
in the estimate of nonlinearity. Let a = (ai, . . . , a^) be a multi-index. Set 

a* = (max{0, ai — 1}, • • • , max{0, On — 1}), 

n 

a^ = JJa], a] = max{l, Oj}, = («*)^- 

Lemma 10. Let I, p and q be integers satisfying I ^ and p,q ^ 2 respectively. Set 

' (A^+n-1)! 
^ k]{n-l)\ ' 

which is the number of n-dimensional multi-indices satisfying \a\ ^ I. For any vector {X{a))\a\^i ^ 
[0,oo)^ 

la|^Za(l)+-+a(p)=a llj=l "UJ* llfc=l /-'I'*';* j=l fc=l 
/3{l)+-+/3(g)=" 

/ \ (p+g)/2 

\\a\<^l / 



SEMILINEAR SCHRODINGER EQUATIONS 



9 



where 

1/2 



Proof. When n = 1, there exist j and k such that at ^ pa{j)l, qf]{k)l. Without loss of generality, we 
can assume j = p and k = q. Using the Schwarz inequality for the finite sum again and again, we have 

|a|^Za(l)+ -+a(p)=a 1 ij=l "U i ife=l /^l^-J* j=l fe=l 

/3(l)+-+/3(g)=a 

i=l "vJj* fe=l Pl«^J* 

/3(l)+-+/3(g)=a(l)+-+Q(p) 

^^2^2 y- ^(«(1)) y- X{a{p-1)) 

a(l)=0 a(p-l)=0 
l-a{l) a(p-l) 

X ^ X{aip)) 

a(p)=0 

a(l)+-+a(p) a(l)+-+a(p)-/3(l) /3(?-2) 

/3(i)=o ^(^)* /3(g-i)=o 
xX(a(l) + ... + a(p) -/?(!) - 1)) 

^p2^2 ^Mill... V 1)) 

a(l)=0 a(p-l)=0 a{p-l)i 

^ ^ X{p{q-1)) 
/3(l)=0 ^(^)* /3(9-l)=0 ~ ■^)* 

X Yl X{a{p))X{a{l) + --- + a{p)-P{l) P{q-l)) 

a(p)=7^0 

' '-"(I) a(p-2) 

a(l)=0 a(p-l)=0 



^a(p)=7^0 

E X(a(l) + --- + a(p)-/3(l) 

ia(p)=7^0 
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/ I I 

a=0 / 



X{a) 



(p+q)/2 



where we denote 7 = + • • • + P{q — 1) — a(l) — • • • — a{p — 1). 
When n = 2, using ([T9l ) twice, we deduce 

y y — Tf]x{a{j))f\x{m) 

^ ^ TIP nd^^W fl(k)^ ^-^^^11 

\a\i^la{l)+-+a{p)=a llj=l "UJ* llfc=l Pl'^'J* j=l 

I3{l)+-+f3{q)=a 



k=l 



1/2 



(19) 



^ ap+^- V?' E E — ^^^r^ f 

Q2=0a2(l)+--+Q2(p)=a2 ^1^=1 «2(j)* nfc=l/52(fc)* 
/32(l)+-+/32(g)=a2 

E ^(«l(j),«2(i))^' 
i=l \Q!i(j)^«-a2 

><n( E ^(/3i(^),/32(A:))^ 

fc=l \/3i{fc)^/-a2 

(p+9)/2 

In the same way, we can obtain (fTSl ) for any n ^ 3. We omit the detail. □ 

We conclude this section by giving an estimate of matrices used for some linear systems later. 

Lemma 11. Let I be a positive integer, and let N be the same integer as in Lemma\TU\ Suppose that 
B = \ba,f5\\a\4i,i3t^a '■^ an NxN lower triangular matrix whose entries are suffixed by multi-indices. 
Note that ba^fs = unless {3 ^ a. For any X = [X{a)]\a\^i £ 

fXBX\ 

^ 2"n!|X|2 max 

cr^Sn 

u=0,l,...,n 
a{l)<-<a(u) 
a{u+l)<---<a-{n) 



I 



1/2 



E 

a<T{l)H l-"<T(,.)^^-a 



ct(^ + 1)- 



/3<T(i)=a<T(l).---.2oCT(i)-l 
\ /3<T(i/)="<T(,y).---.2aCT(i/)-l 



-^(j (n) 



max l^/3,/3- 

/3a(i'+l)=2o<T(j'+l),... 
/3o-(n)=20o-(n))--- 



where Sn is the n-dimensional symmetric group. 

Proof. We split ^XBX into several pieces according to the index of the entries of B: 

\^XBX\ 



(20) 
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1q|=s«/3s;" 



E 



E 

cr&Sn 



u=Q,l,...,n 
a{l)<---<a{u) /3<T(,y)<a<T(i/) 
a{u+l)<---<a{n) /3<^(„+i)>«<j(^+i)/2 



J2 ba,(3Xia)X{(3) 

/5<t(1)<"(t(1) 



/3CT(n)^"<T(n)/2 

E E 



2"n! 



max 

u=0,l,...,n \a\!^l /3ct(i)<Oct(i) 
(T{l)<---<cr{u) ■■■ 

/3(t(i/ + 1)SS"ct(i/ + 1)/2 

/5CT(n)^a(T(n)/2 

max > > 

i/=0,l,...,ra 

a{\)<-<cj{y) /3CT(i)=aCT(i),...,2a^(i)-l 

o-(i/+l)<--<cr(n) ^ ■•• , 

Po-(i/)="ct(i^) vi2ao-(i/)-l 

/3(t(i/ + 1)=20ct(i/ + 1))--- 

/3<T(n)=2aCT(n)r-- 



|6„,^||X(a)||X(/?)| 



(21) 



By the Schwarz inequality to the summation on (ia{v^\)^ ■ ■ ■ : Pa{n)' CD becomes 



\^XBX\ ^ 2"n! max 



E E 



u=0,l,...,n \a\^l 
a{l)<--<cT{u) /3CT(i)=OCT(i),...,2a^(i)-l 

a(i/+l)<-<cr(n) - 

Po-(i/)=a(T(i/) vi2ao-(i/)-l 

X max \bi3,i3-a\ 

/3ct(i/ + 1)=20ct(i/ + 1))--- 



/3cr(n)=2ao-(n)/2,- 



/5o-(iy+l)=2aCT(i/+i)r-- 



1/2 



T(n)=^«(T(u)> 



1/2 



/3o-(i/+i)=2«o-(i^+i)r-- 

V /5o-(n)=2aCT(n)i--- / 



(22) 



If we apply the Schwarz inequality to the summation on 0^(1) , • ' ' > 0!<7{iy) ^rid /3r7{i) r " 1 Pa{u) > then (l22l ) 
becomes 
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max 

1^=0,1,. ..,n ao-{iy+i)H l-a(T(n)^' 

ct(1)<---<(t(i/) 
(T(j/+l)<---<cr(n) 



1/2 



E 



a<T{l)H Q!ct(„) 

\ /3<T{i.)="<T(i.)v,2aCT{i.)-l 



/3CT(^+l)=2a<j(i/l),... 



=2a. 



/ 



1/2 



/3<t(i)=Q!<t(i)v, 20^(1) -1 

/3o-{j/)=Q!cT(;^)v,2aa-{j^)-l 

/5o-(i^+i)=2ao-{i^+i))--- 
\ /3<T{n)=2a^(„)/2,--- 

/ 



1/2 



|X(/3-a)p 



V 



t(1)H |-ao-{i/) ^-'^<y(v + X)- 

/5o-{i/+l)=2ao-{i/+l)i- 

/3o-{n)=20CT(n)/2,--- 



cT(n) 



^ 2"n!|X| 



E 



max 

!^=0,l,...,n ao-{,/+i)H 

o-{l)<---<o-(i/) 
(T(i/+l)<---<(T(n) 



1/2 



E 



max 1 6/3,^. 

/3<j(^+l)=2aCT{i'l),.-- 



"<t{1)H ^'-0!<t(i. + 1) Q!<T(n) 

/3<T{l)="<T(i)v,2a^(i)-l /3^(„)=2o^(„) 

\ /3o-{i/)="o-(i/);---!2ao-(„)-l 



This completes the proof. 



4. Linear systems 



□ 



In this section we recall the L^-well-posedness for some systems developed in |1 ]. Consider the initial 
value problem of the form 



{hNdt-iE2N^^Y^B^{t,x)dk)w = g(t,x) in (0,r)xM", 

w{^,x) =wq{x) in M", 



fc=i 



(23) 
(24) 



SEMILINEAR SCHRODINGER EQUATIONS 



13 



where w{t, x) is a C^^-valued unknown function of {t, x) G [0, T] x M", Ip is pxp identity matrix, 

I 



E2N = [In](B[-In], N = Y, 



j=0 



j!(n-l)! 



which is the number of kinds of multi-indices of order at most I, and 

B''{t,x) 



B^^^{t,x) B^'^{t,x) 
B^^^{t,x) B^^\t,x) 



i?'''-(t,x) = [6j^(t,x)]|„|,|^,^,, 6^;-(t,x) = unless /3 ^ a. 

We here assume that the Doi-type conditions, that is, there exists a nonnegative function y) on 

[0,r] X Msuchthat0(t,y)GC([O,r];=^2(]g2-))^ 



+00 

sup / (pit, y)dy + sup 
te[o,T] J -00 te[o,T] 



+00 



dt(t){t,y)dy 



< +00, 



(25) 



2"n! Y: 



max 

m=l,4 u=0,l,...,n 
k=l,...,n a{l)<---<a{u) 



I 



1/2 



E 



"ct(1)H hO<T(i/)^'-a<T{i' + l) "<T(n) 

/3<T(i)=a<T(l)v,2oCT(i)-l /3<7(n)=2a<7(n) 
\ /3(T(n)="<T(i^) v,2ao-(^)-l 



max Oflfl-ai*'^) 



(26) 



for (t, x) = (t, xi, . . . , Xn) G [0, T] X M", j = 1, . . . , n. One can prove that the initial value problem 
(l23])- (|24l) is -well-posed by using the block-diagonalization technique in HI, and Doi's transformation 
in [31. See |T| for the detail. To state the energy inequality needed later, we here introduce some 
pseudodifferential operators as follows: 



1 " 

A(t) = /27V + -^27V 



k=l 







B^^^{t,x) 



B''^\t,x) 







K{t) = [lNh{t,x,D)] e [lNk[{t,x,D)], 
h{t,x,0=e-P^''^'^\ k[{t,x,0 = e^^''^'^\ 



pit, X, = V / y)dyCk{f^^ + 1^1 



2^-l/2 



It is easy to see that K{t)A{t) is automorphic on (L^)^^ provided that /x > is sufficiently large. More 
precisely, there exists a positive constants M and fj, depending only on 



sup 

te[o,T] 



+00 



+ sup / y)dy + sup 

te[o,r] J -00 t€[o,T] 



+00 



dt(j){t, y)dy 
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+2"n! V max 

m=l,4 v=0,l,...,n 
k=l,...,n a{l)<---<a{u) 
cr{u+l)<---<(7{n) 

( 



1/2 



E 



max 



"ct(i)H a<T(n) ' 

/3<T(i)=a<T(l)v, 20^(1)-! /3<T(n)=2aCT(n). 

^ /3cT(n)="<T(j^)vi2ao-(i/)-l 



such that 



M"^||i(;|| ^ \\K{t)A{t)w\\ ^ Mllwll. 



Now we state L^-well-posedness. 

Lemma 12. Assume (1251 ) anJ (1261) . r/ie«, f/ie initial value problem (I23I )- (I24I) /i' LP' -well-posed, that 
is, for any wq G (L^)^^ ancf gGL^(0, T; (L^)^^), (I23l)- (l24l) /las a unique solution w belonging to 
C([0,T]; Moreover; li; ^afw^^ 

||K(t)A(t)u;f = ||i^(t)A(tKf 

+ / 2Re{QiT)K{T)A{T)w{T),K{T)A{T)w{T))dT 

Jo 



+ / 2Re(i?(r)i^(r)A(r)u;(r),/s:(r)A(r)ti;(r))(ir 
Jo 

+ [ 2Re{K{T)A{T)w{T),K{T)A{T)g{T))dT, 
Jo 



(27) 



for all t G [0, T], where 



i=i i=i 

'B^^^{t,x) 




sup ^ CM||t(7||. 

te[o,T] 

Proof. The proof of Lemma [12] is basically same as that of HI Lemma 6]. In particular, we make use of 
Lemma [TT] to evaluate the matrices of coefficients. We here omit the detail. □ 

5. Nonlinear estimates 

This section is devoted to estimating nonlinearity. For the sake of convenience, we use the following 
notation. 



X, 



.\a\<:i 



1/2 



a*! 



\2s 



r > 0, a*! = JJmaxjaj — 1,0}!, (a) = JJmax{aj,l}. 
i=i j=i 
First, we obtain an estimate related to the commutator [J", dj]. 
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Lemma 13. For n G ^ and j = 1, . . . ,n, 

2\a\ \ 

Proof. A simple computation gives 



On one hand, when aj = 0, we have 



"i = 



\\rdju\\e-i = ||a,-J"n||e_i ^ ||J"n||9. 
On the other hand, when a 7^ 0, we have 

\\rdju\\e-i ^ \\djru\\e-i + aj\\r-''^u\\e.i 
^ \\ru\\e + aj\\r-^^u\\e. 
Substituting dm and into the left hand side of (l28]l, we deduce 



(\ 1/2 / \ 1/2 

Here we used {[ij + l)2/max{/3|, 1} ^ 4. 

Secondly, we show the lower order estimates of the nonlinearity. 
Lemma 14. Let > n/2 + 2. Set tp = \x\'^/4t and 
fe,o. = {D)'rf{u,du) 



EE 



a'Ua — a')\ 



X j (2it) I"' I d"' ^{e-'^u, de-'^ du) dj{Df J"-"' u 

Then, there exist a positive constant Cg^n such that for any u & y and I G N, 

\ 1/2 

JaKZ *• / p=l 
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d 



Proof. For any multi-indices /3, /? G (N U {0})"+^ satisfying \f3\ = p + I and \f3\ = p, and for q 
0, 1, ... , 2p, set 

f 1 {q^ M 
1 (2p + 1 ^ g ^ 2p + /3o) 
9j {Po + ---+Pj-i^q^Po + ---+Pj- 1) 

(p + /3o + • • • + ^j-i + 1 ^ g ^ P + ^0 + • • • + /^j) 

where /3 = (/3o, /3i, • • • , Z?™) and /3 = (/3o, . . . , /3„). We split fe,a into two parts: fe,a = 9e,a - 

oo I 

99,<^ = Y1 Yl hp Yj «0!...c,2p!(-l)'"' +-+"'1 



p=l \/3\=p+l aO_| ^a2p^ 



/ p 2p 1 



X 



p p 2p 



gi=/3o 



9=0 



q'=p+l 



9=0 gi=p+i+/3o g'=p+l ) 



he,<^ = Y^ fp-p Y 

p=l |/3|=p+l cfi-\ \-a'^P = 

l/3|=P 



a 



.01... Q,2p| 



r P P 2p 

Ui=/3o 9=0 9'=P+1 

9^91 



p 2p p 

9=0 gi=p+l+/3o 9'=P+1 

9V91 

Using Theorem [6] and Lemma |7J we deduce 

2p 



P 2p ' 



p p 2p 

- E n '^"'^9,/^/3^ n ^^^^^ 

gi=/3o 9=0 q'=p+l 

97^91 

p 2p p 

-tiJ^^'d^M^ E (W^H^ n ^^^^"^^ 

9=0 gi=p+l+^o 9'=P+1 

9^91 

2p 

^ ^2p+l-(/5o+/3o)(2^ + 1 - (/30 + ^0)) nil^"'^9,/3/3^lle-l 

q=0 
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2p 



5=0 



This estimate and the Minkowski inequality show that 

„2|a| 



E 

oo 



r-2|a| 



a*! 



|2s 



a! 



2p 



a"' ■ ■ ■ a^Pl 

0+a2p=Q, q=o 



P=l NalsCi 



E 



2la| 2p 
g=0 



ol\ t 



■ oo f 



E 



a! 



2p 



,2|q| 



OO 



aO! • • • a2p! 



a*! 



5=0 ^ J 



P=l Nal$:Z ^a0+a2p 



(a) 



2p 



(aO) • • • fa2p) 



2n 1/2' 



where 



r2|" 



^(") = ^-|2imax|||J"u||e-i, || J°5iM||e_i, . . . , || J"9nu||0_i|. 



Using Lemma [TOl and (|28] ). we deduce 



2\a\ 



1/2 



X;^p(2p+l)Cf+^(a 



riN2p 



p=l 



|a|^Z-l 



p=i 



2 



In the same way, we can get 



2|a| 



Combining (|3TI ) and (l32l ). we obtain Lemma [141 



(31) 



(32) 



□ 



To use the linear estimates obtained in Section IH we need the estimates of coefficient matrices of 
the system for * [r\"'\{D)^J°'u/aJ^,r\°'\{D)^J°'u/aJ^]^^^^^. For this purpose, we here define some 
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matrices appearing in the system as follows. For j = 1, . . . ,n and Z S N, we set 



B 



I 

i,2 



p=i i7i_i=i^i=p 



^_a!^_,_,x|aP+l+...+a2p| 

^ aO! • • • a2p!/3! ^ ^ 



2p 



JJ J"''' dq^^^u J^''' dqi ^^pyU if /3 ^ a, 

ij'=P+i 



g=0 
9^71 H l-7j-i 



E= E 

j,l |_Q,m-l_|_^m+l..._|_Q,2p=Q_^ 

■ 2^ 2^ /777i 



Otherwise, 

m = 70 H h7i-i, 



''j,2,a/3 



a. 



Is 



P=l |-y|_l=|-y|=p 



E 

J,2 



a! 



a*'! • • • a 



2p!/3! 



(-1) 



|aP+i_,_..._,_Q,2p| 



P 



:77 

9=0 



U 



2p 

n 

g'=p+l_ 
i?Vp+70H |-7j-i+l 



J"" Sg/,^;^^ if 13^ a, 







E= E 

j,2 qO_| |_a"i-l+Q,™+l...+Q,2p=Q_/3 

We need the estimates of the above matrices later. 



otherwise, 

m = p + 7o H h7i~i- 



Lemma 15. Let 9 > n/2 + 3. Then, there exists a positive constant Cg^n which is independent oflGN, 
such that for j = 1, . . . ,n and for any u£C^{[0, T]; 5^) solving ([T]), 



(33) 



p=i 



p=l 

oo 



l + Y,{Ce,nXj,~]rit)f'' 
9=1 

Proof. Simple computation shows that 



(34) 



k=l,2 



^ 2 



fc=l,2 



H,\mi 
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= E ^'^(*)- 

k=l,2 

We show that Ii{t) bounded by the right hand side of (|33] ). For the sake of convenience, set 

fmax|||J°u||, ||J"aiii||,... , ||J"9„m||| if |aK / - 1, 

if \a\=l. 

Using (O, we have for any (3 ^ a 



(q, _ /5)^i'^rl''^l °° 2 2 

\\bj,l,a{a-l3)\\e-l ^ Ce,n^App'^Cg^^ 

p=l 



alH ha^P=l3 q=l 



p=l 



X E 

aiH ho2p=/3 



(«) 

9= 



X ^-TT . '„ ' . rrr I I A(a'^ 



(„i)...(a2p)((a-/3))li 



a*! 



a9| 



Using (l20l ) and the above estimates, we deduce 

Ii(t)^2"n! max V 

i/=0,l,...,n—l /3ct(i/+i)H h/3o-(„)^i 

o-(l)<---<o-(i^) 
(T(i/+l)<---<o-(n) 



max 



•P<t(1) "ct(1)<^P<t(1) 



2f .,|„,|\Sl/2 



>p=l ho2p=/3 ' 



We here remark that if 

"<t{i) < 2/3^(1) , . . . , a^(,,) < 2/3^(j,) , a^Ciz+i) ^ 2/3^(i/+i) ' • • • ' "fT(n) ^ 2/3^(„) , 

then 

(g) _ («<7h) ("^(1^+1)) («a(n)) 

(/?)((« - /?)) " ■ ■ ■ ((a - ■■■((«- /3)<.(„)) 

1 1 



((a - ■■■{{a- (3)a{u)) {Pa{u+1)) ' ' ' Wa{n)) 
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Substituting this into (1361 ) and using the Schwarz inequality to the summation on /3cr(i/+i) ) • • • 
deduce 



/i(t)^22-n!2 max 2^ V 

!^=0,l,...,n-l Po-{i/+l)H t-P(T(n)=^' 

fT(l)<---<0-(!^) 

<T{v+l)<-<a{n) 



E E 

-/3a-{l) C*o-{l)<2/3o-{l) 

/5o-(iy) Q^o-(iy)<2/3o-(jy) 
oo 



2p 



a^H \-a'^P=l3 



1/2 



l|/3|<« 

oo 



2p 



V=l a^H ho2P=/3 

The Minkowski inequahty shows that 

oo 

/i(t)^22«n!2a"^^pp2^f„ 
p=i 



(ai)...(a2p)li 



a 



1\s 



1/2 



X < 



2p 



Applying ([TSl l to this, we have 



2n 1/2 



^ 22'^n!2a"^Ap/«+2c2p^(on)2p 

p=l 

\ (2p-l)/2 

E ^(«)'^ 



|a|^/-l 



E^(«) 



all' 



1/2 



Since ^(a) = for |a| = and p2"+2 ^ eP(2n + 2)!, (I37]l is bounded by 



Ii{t) ^ e222'^n!2a"(2n + 2)!^^p < 

p=i 



eCe,na" 5] A{a) 



.\a\<^l-l 



1/2- 



2p 



Using (1281 ) for r ^ 1, we have 



hit) ^ e222"n!2a"(2n + 2)! ^ ^p(eC7e,„a"X^;;,(t) 



2p 
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The estimates of hit), (l33] ) and (l34l ) can be obtained similarly. If u solves ([T]), then 

Applying this formula to the time-derivatives of the matrices, we can show (l34l ) in the same way as (|33] |. 



We here omit the detail. 



□ 



6. Uniform energy estimates 

In this section we show that {X^ ^ r(t)}i=o,i,2,... is bounded in C[— T, T]. If this is true, then there 
exists a constant Co > such that 

1/2 

(38) 



for t G [-T, T]. Let nGC([-T, T]; i?^) be a solution to ©-(IS with e^^^^'^'-uoGi^^. Theorem [U shows 
that ^ ^(t) is well-defined for any Z = 0, 1, 2, . . . . Lemma [8] implies that there exist positive constants 
M and r such that 



V a 



,2|a| 



1/2 



Ix^-uol 



^ M. 



(39) 



Without loss of generality, we may assume r ^ 1. Since the finite sum Xq ^^{t) is well-defined, it 
suffices to prove (1381 ) for small T > 0. In order to make use of the energy estimates in SectionlH we here 
define functions and pseudodifferential operators: 



w 



I _ t 



a*! 



Is 



{Dfru,^{D)<>J»u 



a*! 



J — t 



.\a\ 



fe 



4»\ 



:fe,c 



s)ds 



k{{t,x,^) = exp [Aj^^ji^' + lel')"'/' r <t>\t, 

X \{D)^J"'u(t, xi,..., Xj-i, s, Xj+i, . . . , x„)|^ 
X dxi- • -dxj^idxj+i- ■ -dxn, 
6 n ^ n + 1 
'=2 + 4-^>^' 



where A and u are positive constans determined later. 



^(0 = E 



m=0 



(/ + n- 1)! 
/!(n-l)! ^ 



A;'(t,x,e) = [lNii)k[(,t,x,^)] e [/^(;)A;l(t,x,e)-^], 
i^'(t) = k\t,x,D), KUt) = kl,it,x,D), 



A' (i ) = /27V(/) - iA' (t ) , A|„, (t ) = /2;v(/) + iA' (t ) . 
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First we determine A and u. On one hand, in the same way as the proof of Lemma [151 we have 

2p-l 



j=l p=l 

for {t, x) G [— r, T] X M" and m = 1, . . . , n. Hence, if Xg_2 ^ j.{t) ^ AM, then there exists a positive 
constant A depending only on M, 6, n and {^p}p=i,2,3... such that |-Bj(t, x)\ ^ A(f}{t, Xm) for (t, x) E 
[— T, T] X R" and m = 1, . . . , n. On the other hand, it is easy to see that 

K'(t)A'(t)AL(t)i^LW = InH) + R[it), 
We here remark that R[ (t) and R2 (t) are pseudodifferential operators of order — 1 and 

\\R{mi\\Rim = o{u-'). 

Nagase's theorem shows that if Xg_^ sr(^) ^ there exist uq ^ 1 and Cm > which are 

independent of /, such that K'(f)A'(t) is invertible, and 

\\K\t)A\t)\\,\\{K\t)A\t))-'\\ ^ Cm (40) 

for u ^ uq. Set u = below. 

Now we begin the proof of (l38l) for some small T > 0. Without loss of generality, we may assume 
that 

||i^'(0)A'(0)u;'(0)|| ^ M 

for Z = 0, 1, 2, ... . It suffices to consider only the forward direction in time. Let Ti be a positive time 
defined by 

ri=sup|r>0 Xl_-^^,^^{tf + \\K^{t)A^{t)w^{t)f f^AM^ for te[o,r]|. 
We remark that (l40l) is valid for t G [0, T/]. Using the Schwarz inequality, we have 

V- f 



dt{D)'~'j^u,—-{D)'-^J"u, 



\a\ 

-iA{D)'-'ru,^{D)'-'ru, 



:2Re5] ( 

\a\<l \ 



^'l{D)'-'jy,^{D)'-\ru, 



^\a\ \a\ 

-—{D)'~'jy,—^{D)'~^rn, 



^2E;772ilK^'"')'"''^"/llll'^"-ll^-i 

\a\^l 

( \ 



SEMILINEAR SCHRODINGER EQUATIONS 

In the same way as Lemma [T4l we can get 



1/2 



a 



p=l 



w 



p=l 

oo 

p=i 

For R = ICg^nCAiM, there exists a positive constant Cr such that 

Substituting this into (|4T]) . we obtain 

j^X'e-i,sAi)' ^ 2Ce,nCR\\K\t)A^it)w\t)f. 
On the other hand, solves 

^ n \ 

l2N{i)dt - i^E2Nii) +J2B^j{t,x)dj\ =gK 

By using Lemma [T2l we have 

j^\\K\t)K\t)w\t)f ^ 2C\t)\\K\t)A\t)w\t)f 

+ 2\\K\t)K\t)w'(t)\\\\K\t)K'it)g\t)l 

where C\t) depends only on 

4>\t,s)ds, \\4>\t)\\,^2, sup / dt(l3\t,x)ds , 

z€R J -oo 
n 

Y,(\\B\{t)U^ + \\dtB]{t)U<)- 

It is easy to see that 
Using 

dt{Dfru = iA{D)^ru + {Dfrf, 
and the integration by parts, we deduce 



sup 



dt4>\t,x)ds 



^C{e,n}Xl(t) 
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(|43] ). (l44l ) and LemmafTSlshow that there exists a positive constant L>j\/ which depends only on M, and 
n, and is independent of /, such that C\t) ^ Dm for t G [0, Ti]. On the other hand, Lemma [141 shows 
that 

1/2 

|2 



2p+l 

^ CmCb^u ^pC'e^^^ (-'^6>.s.r(^)) 
p=l 

Hence, we have 

^||i^'(t)A'(t)u;'(t)f ^ 2{Dm + CMC0,nCR)\\K\t)K\t)w\t)\\\ (45) 



Combining ((421) and (1451 ). we obtain 

5:2Ci{x^_i,,,,(t)2 + \\K\t)K\t)w\t)f], (46) 

where Ci depends only on M, 6* and n, and is independent of /. Integrating (l46l ) over [0, T^], we obtain 
4M2 ^ 2M2exp(2Cir,), which implies that Ti ^ log2/2Ci > 0. Set T* = log2/2Ci for short. For 
all I, we obtain 

X'e_^,sAt),\\K\t)h}{t)w\t)\\^2M 
for i € [0, T*]. Hence, (HO]) shows that 

= \\\{K\t)A\t)r^K'{t)K\tWm 

^ ^\\K\t)K\t)w'(t)\\ 
^ CmM 

for t e [0,r*]. Thus we obtain X^^^^^(t) ^ CmM for t G [0,T*]. This completes the proof of the 
uniform energy estimates. 

7. Gevrey estimates of solutions 

In this section we complete the proof of Theorem [2l For k G N U {0} and a multi-index a = 
(«!, . . . , ai), set = max{fc, 1} and = ((ai)+, . . . , (an)+)- In the previous section, we have 
proved that 



a 



for t G [— T, T] with some positive constants r, M and s ^ 1. The Schwartz inequality shows that 

a a + * 

/ 2|a| \ 



^ a"M (47) 



2 
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for t E [— T, T]. In order to obtain ([5]) from (|47] ). we need two lemmas. 
Lemma 16. Suppose that s ^ 1/2 and 



25 



for t £ [—T, T] \ {0}. Then there here exist positive constants p and Mi such that 



En 



forte[-T,T]\{0}. 

Lemma 17. For any smooth function u of {t, x), 

^ Co(|a| +2m)+||(x)-l-l-2-5r5%(i)lle, 
|Kx)-25,{(x)-l"l-2™9r9"+^^^(t)}||e-i 

+ Co(|a| + 2m)+||(x)~l"+^'=l-2'«5™5"+efc^, 
where Co > is independent of a and m. 

Proof of Lemma [T6l Recall the explicit formula of the hermitian polynomial 



dT 



E 



p\ 



v\{p-2u)\ 



a^'-''{2T) 



for a, r G M and /i G N. Applying this to the definition of the operator J, we deduce 



E 

E 



a! 



/3!(a -/?)! V2^^ 



1 



E 



1/3-71 



(48) 



(49) 



Set G = [61] + 1 and po = max{4, 2(1 + T), l/r^}. Here we remark that 1 - s ^ 1/2 since s ^ 1/2. 
We deduce 



(l«l + 

/3! 



a! 



/3!(a-/?)!7!(/3-27)! 

2-l"l/2 



E E 
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Pl^-' 1 



^ '*''^'/3!i-^(a-/3)!i-^ 7!(/3-27)! (a 

9-|a|/2 



(x)H 



1 



X 



/3-27 



7!(/3-27)! (a-/?)!* 

We remark that there exists a constant Co > which is independent of a, (5 and 7, such that 

On the other hand, /Jl^/^ ^ 2l^l/2(/3 - [/3/2])! since 

/?! ^ [/3/2]! 



(/3-[/3/2])!2 - [/3/2]!(/3 



<2l^l 



Hence, we have 



E 

7^/3/2 



7K/3-27)! 



7<:/3-[/3/2] 
< 23|/3|/2-[/3/2] < 21^1+^^ 



7K/3-27)! 

(/?-[/3/2])! 
7!(/3-[/3/2]-7)! 

(/3-[/3/2])! 
7!(/?-[/3/2]-7)! 



Using (HTJl, dSni), (EB and we deduce 



(|a| +29)!- Vpo 



|Kx)-l"l5"n||, 



\ 1/31/2 



/3^a 



2(l + r)^l'^l/%„l/2 .-|a-,L 



^2"C7oPo-'"'/^E^II^'-ll^ 

/3 

^ 2"MoPo ^ 2"-l-ICoMo. 



Thus 



If we set p = we have 

En 



\a\ 



\a\ 



-\a\Qa 



u\\e 



(50) 



(51) 



(52) 



SEMILINEAR SCHRODINGER EQUATIONS 27 

22se I /2«i+i\l'^l 



y 1 



(29)!^ ^ (|a| +26)!^ V P 
22se _ 1 



(2e)!^^(|a|+2e)!^ Vpo 
22"+2*0Coa"M 



(26)!^ 

This completes the proof. □ 



Proof of LemmaWT] When \a\ + 2m = 0, (148]| and (|49]l are obvious. When |a| + 2m / 0, ([48) follows 
from 



2t • 

(lal + 2m)— ^(x)-l"l+2™9r9"n, 



and (l49l) follows from 



u 



2r ■ II 
- (|a| + 2m)-^(x)-|"l~2m-lgmga+efe^^ 

This completes the proof. □ 

Now we shall complete the proof of Theorem |2l 

Proof of Theorem^ We shall obtain ^ from ([T]) and (1471 ) by an induction argument on the order of the 
time derivatives. Suppose s ^ 1 Set 

' \f\\a\+2m -\a\ -2m 

^' (a +2m-2 i!« ' * ^ 

m=0 a ' ^ + 

with some k > determined later. Lemma [16] shows that there exists a positive constant M such that 
y°(t) ^ M/2 for t G [-T, T] \ {0}. Suppose that y'(t) ^ A/ for t / 0. Since u is a solution to ©, we 
deduce 

^H~l I J. 1 1 a I -|-2?Ti. lal 27n 

m=l a ^' ' ' 

' u||a|+2m+2 „-|a|^-2m-2 

m,=0 a ^' ' 



|«|+2rra+2 ^-2m-2 



+ E E E " (U|;2J. IKx)-H-— ara--^n(t)||. 

j=l m=0 a 

' U||a|+2m+2 -jal -2m-2 

+ EE (H+2m)!^ \\{xy\'^\-'-'drdV{u,dum\\e 

2 
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where 



' \f\\a\+2m+2 -\a\ -2m-2 

^'W = EE ,^^1 \\{x)~\'^\-'--'dTd'^f{u,du){t)\\e. 



m=0 a 

The chain rule shows that 



(|a| +2m)!* 



ara°/(n,an) = X; E ^7 E 



p=l |7|=p+l moH hm2p=m 

|7|=p ^cP'P=a 



2p 



Q,0| . . . Q,2p| I . . . 77i2 I 

g=0 



where u = u or u. Set 5o = 1 for short. Using this and [dj, {x)~^] = 0{{x)-'^) (j = 0, 1, 
have 



m=0 a 
oo 

X 



\a\+2m+2 p~\a\ ^-2m-2 

(|ar+2m)F 



E E iMi E 

p=l |'),|=p+l moH |-m2p=rr: 

\^\=p a^H ha^*'=a 



a! 



ml 



■ ■ ■ a'^P] mo! • • • m2p! 



2p 



g=0 



By using Lemmas 171 and [TTl we deduce 



2p 



g=0 



2p 



9:77' 



q=0 



2p 



q=0 
2p 

^ {2p + l)C^^+^ll{\a^\+2m,)^\\{x)-\^''\-^"'''dr'd''''u\\ 

2p 



n 

q=0 



da"! +2mg-2)+!^ 
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and for j ^ 



{x)-^dj { 



2p 



q=0 



2p 



r=0 



2p 



=0 9=0 
qjtr 



2p 2p 



^(2p+i)Co^^+ij;nii^^)"'"''~'"'^r'9"'5.,77^ii.-i 

r=0 q=0 
q^r 

X |Kx)-29,{(x)-l"^l-2-^ar5"'^5.,,,n}||,_i 



2p 2p 



r=0 g=0 
qytr 

X { 1 1 (x) - 1 "''+^^- 1 -2"^'- af'- +"^- +^^- n 1 1 e_ 1 

+ (laH + 2m,)+||(x)-l"''+<l-2™'-5™'-5"''+'^!-n||e_i} 

2p 2p 
9=0 

kll"''ln-|<^''lfc-2mg 



r=0 



9=0 
q=ir 



{\ai\+2mg-2)+\' 



^^\a'-+ej\p-\a'-+ej\^-2mr 

{\a^ + ej\ + 2mr-2)+l^^ 



|a'"+e,- 1— 2mr frirrir aa^+e^ 



2p 



9=0 



2P \^\\ai\+2mg -\ai\ -2mg 



9=0 



(|a9| +2mg-2)+!^ 



where = with some j = 0, 1, . . . , n. Substituting (l56l ) and (|57] ) into (l54l) . we have 

^^W^^E E I/77I(1 + QY^+^(2P+1)^ 



p=l |7|=p+l 
\l\=P 



EE E 

m=0 a moH hm2p=™ 

\-a'^P=a 



2p 

n 

9=0 



n(l«''l+2m,)!^ 



(|a|+2m)!^ ■ ■ ■ a'^Pl mo\ ■ ■ ■ m2pl 



(57) 
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ii (|a'/|+2m,-2)+!^ ' * 

j=l p=l |7|=p+l r=0 



|7|=P 

2p 

q=o al ml 



(\a\ + 2m)!* a"! • • • a'^Pl mn! • • • moJ- 

m=0 a moH hm2p=m M I ^ u 



oO-i |-a^P=a 

2P i^ilQ9|+2m,^-|a9|^-2m5 

(|a'?| +2mg-2)+!* 



q=0 
q^r 



{\a'-\ +2mr-2)+!* 
In view of Lemma |9l we have 



a^+ej\+2'mr „-|o''+ej | ^— 2mr 

p .|l(a;)-i"''+^^i-2™'-ar'-a"''+'=^'u|| 



2p 

n(l«'^l+2m,)P 

q=o al ml 

(|af+2m)F aO!---a2p!mo!---m2p! 

2p 

n(l«'^l+2m,)P 

g=o a! m! 



(|a| + 2m)!'* a"! • • • q2p! mo! • • • m2p! 

2p 

n(l«'^l+2m,)!^ 

q=o al (2m)! 

(|a| +2m)!'^ a"! • • • a^Pi (2mo)! • • • (2m2p)! 

2p 



ni(a^2m,)|!^ 

^ g^o («,2m)! ^ 

|(a,2m)|!* 2p ^ ' 

nK,2m,)! 

q=0 

Applying this to (|58] ). we deduce 

Z'(t) ^ + P) ^^^(1 + cg)2p+i(2p + i)2y'(t)2p+i 
p=i 

^ 2CT(r + p) g ^^^^ ^ Co2)2.+i(2p + l)2{e(l + Co)^m}''^\ 
p=i 



Set ^ = Cr with = 2e(l + Co)^M for short. Then we have 
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for t e [-T, T] \ {0}. Combining ^ and (HHl, we have 

v'+V.^ p'nM + 2CT{T + p)E 

^ 2 + k2 

for t G [— T, T] \ {0}. If we choose k satisfying 



^ ;2p^nM + 4CT{T + p)E 



M 

then ^ M for t G [-T, T] \ {0}. This completes the proof. □ 

8. Concluding remarks 

Finally we state some remarks concerned with the results of Q. We shall present some examples 
for which the Gevrey estimate holds for s ^ 1/2. First we remark that e^^^uo gains analyticity in 
space-time variables if uq decays faster than the Gaussian functions. 

Theorem 18. Let s ^ 1/2 and G M. Suppose that exp{e{x)^^^)uoGH^ with some e > 0. Then, For 
any T > there exist positive constants M and p such that for t G [— T, T] \ {0} 

Proof. Fix arbitrary T > 0. Lemma[8]shows that 

||x"no||e ^ Mop^^^a? 

with some Mq > and po > 0. Applying to {dt — iA)e**^uo = 0, we have {dt — iA)J°'u = 0. It is 
easy to see that 

II J-e**^no||e = ||x°no||e ^ Mop[^^a\'. 
Lemma [m shows that for t G [-T, T] \ {0} 

||(x)-l°la"e**^'Uo||e ^ Mi/)i"l|trl°'a!^ 
with some Mi > and pi > 0. Using the equation (dt — iA)e**^no = again, we deduce 

||(2;)-l"l-2"^a™(9"e**^no||9 
= ||(x)-l"l-2™A"a"e^*^no||(^ 

n n 

<: ^ ••• ||(x)-l"l-2™5"+2('=^w+-+^^(-))e^*^uo||e 

j(l)=l j(m)=l 

^ n'"Mipl"l+^"'t-l°l-2'"(|a| + 2m)!" 
for t G [-T, T] \ {0}. This completes the proof. □ 

Next we apply Theorem [18] to the initial value problem for one-dimensional nonlinear equations of 
the form 

ut — iuxx = 2a{\u\^)xU + ia^\u\'^u in M^, (60) 
u{^,x)=uo{x) in M, (61) 

where ut = du/dt, Uxx = d'^udjx^, and a is a real constant. The equation (l60l ) has very special 
nonlinearity. In fact, if u is a smooth solutions to (l60l ). then 

x) = exp I — ia / |n(t, y)|^dy I n(t, x) (62) 
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formally solves the equation vt — ivxx = 0. The mapping 

u I — > v{x) = exp I —ia / \u{y)\'^ dy \ u{x) (63) 



defined for functions of x is said to be a gauge transform. We remark that \u{x) \ = \v{x) \ and \\u\\ = \\v\ 
for uGL^(M), and the inverse of the gauge transform is given by 



u{x) = exp yia J \v{y)\ dyjv{x). (64) 

More properties of the gauge transform needed in this section are the following. 

Lemma 19. Let 6 > I /2 and s > 0. 

(i) : The gauge transform is a homeomorphic mapping of (M) onto itself. 

(ii) : If u(^H^(R) satisfies exp{e{x)^^^)u(^H^{'R), the gauge transformation of u has the same 
property. 

(iii) : IfuGC{M.; H^{M.)) solves (l60l ). then v{t, x) defined by (|62] ) solves vt — iVxx = 0. 

(iv) : If the sequence {un}'^=i'ZH^ {R) satisfies 



Un — > u in H (M) as n — > oo, 

then 

{\Un\'^)xUn > (l'Up)a;^ in ^'(M) aS Tl —>■ OO, 

where ^'(M) is the space of distributions on M. 
Proof Set 

/•X 

(j){x) = / \u{y)\'^dy 



for short. First we show (i). Suppose that u£H^{R) with some 6 > 1/2. We can check (/)E=^^+V2(M) 
and (j)'^H^ since (p'{x) = \u{x)\'^ and H^{R) is an algebra for 6 > 1/2. For any integer j = 
0, 1, 2, • • • , [9], the chain rule shows that 



dxj ^ ' ^ k\{j - k)\ \dx J \dxj 



k=0 



U 



fc=0 



In view of ([91), we deduce 



Lemma m shows that 



, , „ , , , , ueH''^^{R). (66) 
dx J \ \dx J 



{Df-^^^ (^-^y {e-''"f'u) G F[^1-^(M) for j = 0,1, . . . ,[6]. 

This asserts that uGi?^(R)i— >e~*"''^M€-ff^(M) is continuous. In the same way, the inverse (l64l ) is also 
continuous. Hence the gauge transform (|63] ) is homeomorphic on H^{M.). 
Next we show (ii). Replacing u by exp(e(x)^/*)ii in (|65] ). we have 



dx 



exp(e(x)i/^)e-^'^'^n) 
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In the same way, we can check exp(e(x)^/*)e~*°'^uG-ff^(M). 

Next we show (iii). Suppose that u£C{R; H^{R)) solves It follows that dtu£C{R; H-^{R)), 
0gC(M; Sg^/'^{R)), (t>:r&C{R; H'^{R)) and v = e-'^^u also belongs to C{R; H'^{R)). Thus, the follow- 
ing computations 

e~''"f'ut = vt + iav(j)t 

/X 
{utu + uut + 4a(|iip)a;|tip + ia^|ti|^ — ia^\uY)dy 
-oo 

/X 
{iuxxu - iuuxx + 2a{\u\'^)x)dy 
-oo 

= vt — a{uxU — uux)v + 2ia^\u\'^v, 

Vx = —ia\u\'^v + e~'^"''^Ux, 

—ie~^°''^Uxx = —ivxx + 2a\u\'^Vx + a(|^t|^)x + ia^lul^v 

= —ivxx + + 2auxuv — ia\uf'v^ 

are justified, and it is easy to see that v solves vt — ivxx = 0. 

Lastly, we check (iv). Fix arbitrary ifj G &{R). Since 6 > 1/2, one can easily verify 

{\un?)x ^ in H'^'^{R), uni^^ui: in H^'^{R). 

This shows 

{\unf')xUn — > {\u\^)xU in ^'(M) as n^oo. 

This completes the proof. □ 

Theorem [m and Lemma [T9]prove the following. 

Theorem 20. Let 6*^1, and e > 0. Set a = max{l, s}. 

Existence : Suppose that uq^H^ (R). Then, the initial value problem (I60I )- (I61I ) posseses a unique 
solution u&C{R]H\R)). 

Analyticity : Moreover, if exp{e{x)^^'^)uQ£H^{R), then for any T > there exist positive con- 
stants M and p such that for t G [— T, T] \ {0} 

Proof of Theorem^ Existence. Set v = e^*'^'(e-*''*Ono), u = e''"t'v, 

/X i-x 
\uo{y)\'^dy, (t){t,x)=l \v{t,y)\'^dy. 
-oo J —oo 

Here we remark that I n(t, x) I = \v{t,x)\, \\u{t)\\ = \\v(t) \\. Lemma [T9] shows that t; i-^ n is homeomor- 
phic on C(M; H^{R)). Pick up a sequence C ^(M) satisfying 

||^(n) — .0 as n^oo. 

Set = e'y^\^^\ n(") = e^'^<^'"'t>("). 



cf>^^\t,x)= \v^^Ht,y)\'dy, 4>t\^)= \vt\y)\^dy. 



X 



Since z;(")gC°°(R; ^(R)), solves 
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u'-''\0,x) =e*'^'^o"'W^;(")(2;). 

Obviously, 

\\v^''\t)-v{t)\\e = \\vS^^ -e-''"f"'uo\\e ^0 as n ^ oo 
for any t G M. Using Lemma [19] again, we deduce that 

\\u^"-\t) - u{t)\\e — >0 as n ^ oo 

for any t G M, and that n is a solution to (I60l)-(l6n). The uniquness of v implies the uniquness of u. □ 

Proof of Theorem^l Analyticity. Fix arbitrary T > 0. We remark that the solution u is represented by 
u = e*'''^e'*'^''(e-*"<^Otio). By using Theorem [18] and Lemma[l9l we heve 

\\{x)-''~^'^dTd''v{t)\\e ^ Afp"+2"^|tr"-2™(a + 2m)\' (67) 

for t G [-r, T] \ {0}. Note that 

\\uo\\ = \\v4^\\v4e = \Ht)\\e^M. 
First we shall show that for a + 2m ^ 1 and t G [-T, T] \ {0} 

||(x)-"^2m^m^a^(^)||^ ^ QM^ (2p)"+2™-i |t| -""2™+! (a + 2m)\' . (68) 
When m = and a ^ 1, 

By using this formula and the fact that i7^(M) is an algebra, we have 

= CeM2(2/))"-i|tr"+ia!" (69) 
for a ^ 1 and t G M \ {0}. On the other hand, when m ^ 1, 

a™5"0 = ar~^5" r dt\v\^dy 



oo 



9° / {VyyV - VVyy)dy 



idr~'d''{v^v-vv^) 

m-l a , s. . 

^ ^ l\{m - I - l)\ (3\{a - (3)\ * 



z=o /3=0 
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Then, we have 

m-l " / i\| I 



m—l a 



m-l a , , 



/=0 /3=0 ^ / V A-y 



m-l o . s, . 
< or A/r2n"+2m-l|f|-a-2m+l \^ \^ \'>T^ 

^2CeMp \t\ 

X (/3 + 1 + 2l)\'{a - /? - 2m + 2/ - 2)P 

m-l a 



< 2C.MV"«'»-Ir'--V + 2„. - !)!• g g ^^^^^^^^ _ 

= 2"+™C0MV+^"'"^|tr""^'"+^(a + 2m - 1)!" 

^ CeM2(2p)°+2'»-i|t|-"-2m+i(^ + 2m - 1)!" (70) 

for m ^ 1 and t G [-T, T] \ {0}. Combining ([691) and we obtam ([68]). 
Set 



^ = M + <i 1 + — 1^ CeM' 

If we replace 2/9 by p, we have 



-I 



-Q— 2m am qo 



a™a"</.(t)||e ^ ^p"+2m|^|-a-2m^,2s^,<x^ ^7^^ 
mt)\\,^e+,/2 A, {11) 

for t G [— r, r] \ {0} and a + 2m ^ 0. We compute the regularity of u. The Taylor series of the 
exponential function gives 

^ (in)'' 
= ^i!lLL(2;)-"-2m5m5. 



kl 

k=0 



kl ^ mn!- • -mfc! an!- • -afc! 

A;=0 mo+---+mfc=m ^ k u «, 

aoH |-afe=a 

Applying Lemma [TSl to ii, (TTT]) to for + 2mj 7^ 0, and (1721 ) to i?!* fot + 2mj = respectively, we 
deduce 
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OO I I J. 



k=0 



k\ 



E 

moH \-mk=m 

ao+---+ak=a 



mo!- • -mfc! ao'- • -"fc! 



A;! 



E 



a! 



fc=0 moH \-mk=m 

aoH |-afc=a 



mo!- • -mfe! ao!- • -afe! 



i=0 



2s 



fc=0 



A;! 



E 

moH |-»rafc=m 

aoH \-cek=oi 



ml 



mo!- - -mfe! 



l-2s 



a! 



ao! 



1-0- 



^ CeA(2/,)-+2-|t|-"-2-a!-m!2^- ^ (^MIL ^ 2 



A;=0 



moH |-mfc=m 

«oH l-afe=a 



2fe+2 



^ Q^(2p)"+2m|i|-a-2m^,a^,2s ^ IC^^^l^ I ^ 

k=0 ' [p=0 

^ 4C,A(2p)"+2-|t|-«-2m^,a^,2. y {^Ce\a\Af 

k=0 

= (4CeAexp{4Ce\a\A)^ (2p)"+2rn|i|-a2-m^,a^,2.^ 

which is desired. This completes the proof. 



□ 



Acknowledgment. The author would like to express to the referee his deepest gratitude for reading 
such a long manuscript carefully. 

References 

[1] H. Chihara, Gain of regularity for semilinear Schrodinger equations. Math. Ann. 315 (1999), 529-567. 
[2] R. Coifman and Y. Meyer, "Au dela des operateurs pseudo-differentiels", Asterisque 57, 1979. 

[3] S.-I. Doi, On the Cauchy problem for Schrodinger type equations and the regularity of the solutions, J. Math. Kyoto Univ. 
34(1994), 319-328. 

[4] S.-I. Doi, Commutator algebra and abstract smoothing effect, J. Funct. Anal. 168 (1999), 428^69. 
[5] S.-I. Doi, Smoothing effects for Schrodinger evolution equation and global behavior of geodesic flow. Math. Ann. 318 
(2000), 355-389. 

[6] N. Hayashi, R I. Naumkin and P.-N. Pipolo, Analytic smoothing effects for some derivative nonlinear Schrodinger equa- 
tions, Tsukuba J. Math. 24 (2000), 21-34. 

[7] N. Hayashi and K. Kato, Analyticity in time and smoothing effect of solutions to nonlinear Schrodinger equations. Comm. 
Math. Rhys. 184 (1997), 273-300. 

[8] L. Hormander, "The analysis of linear partial differential operators 111", Springer- Verlag, 1985. 

[9] K. Kajitani, Smoothing effect in Gevrey classes for Schrodinger equations, II, Ann. Univ. Ferrara Sez. VII, Sc. Mat. Suppl. 
45 (2000), 173-186. 

[10] K. Kajitani and S. Wakabayashi, Analytically smoothing effect for Schrodinger type equations with variable coefficients. 
Int. See. Anal. Appl. Comput. 5 (2000), 185-219. 



SEMILINEAR SCHRODINGER EQUATIONS 



37 



[11] T. Kato and G. Ponce, Commutator estimates and the Euler and Navier-Stokes equations. Comm. Pure Appl. Math. 41 
(1988), 891-907. 

[12] C. E. Kenig, G. Ponce and L. Vega, Smoothing effects and local existence theory for the generalized nonlinear Schrodinger 

equations. Invent, math. 134 (1998), 489-545. 
[13] H. Kumano-go, "Pseudo-Differential Operators", The MIT Press, 1981. 

[14] A. Martinez, S. Nalcamura, V. Sordoni, Analytic smoothing effect for the Schrodinger equation with long-range perturba- 
tion. Comm. Pure Appl. Math. 59 (2006), 1330-1351. 

[15] Y. Moromoto, L. Robbiano and C. Zuily, Remarks on the analytic smoothing effect for the Schrodinger equation, Indiana 
Univ. Math. J. (to appear). 

[16] M. Nagase, The -boundedness of pseudo-differential operators with non-regular symbols. Comm. Partial Differential 

Equations 2 (1977), 1045-1061. 
[17] L. Robbiano and C. Zuily, Microlocal analytic smoothing effect for the Schrodinger equation, Duke Math. J. 100 (1999), 

93-129. 

[18] L. Robbiano and C. Zuily, Effet regularisant microlocal analytique pour V equation de Schrodinger: le cas des donnees 

oscillantes. Comm. Partial Differential Equations 25, (2000), 1891-1906. 
[19] C. Rolvung, Nonisotropic Schrodinger equations. Thesis, The University of Chicago, 1998. 

[20] J. Szeftel, Microlocal dispersive smoothing for the nonlinear Schrodinger equation, SIAM J. Math. Anal. 37 (2005), 
549-597. 

[21] H. Takuwa, Analytic smoothing effects for a class of dispersive equations, Tsukuba J. Math. 28(2004), 1-34. 
[22] M. E. Taylor, "Pseudodifferential Operators", Princeton University Press, 1981. 

[23] M. E. Taylor, "Pseudodifferential operators and nonlinear PDE", Progress in Math. 100, Birkhauser, 1991. 
[24] L. T'Joen, Effects regularisants et existence locale pour V equation de Schrodinger non-lineaire d coefficients variable. 
Comm. Partial Differential Equations 27 (2002), 527-564. 

Mathematical Institute, Tohoku University, Sendai 980-8578, Japan 
E-mail address: chihara@math .tohoku .ac.jp 



